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Abstract

In this article we propose an extension to the typed natural deduction calculus TNDPQ to model verification of
individual fairness and intersectionality in probabilistic classifiers. Their interpretation is obtained by formulating
specific conditions for the application of the structural rule of Weakening. Such restrictions are given by causal
labels used to check for conditional independence between protected and target variables.
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1. Introduction

The calculus TPTND (Trustworthy Probabilistic Typed Natural Deduction [1, 2]) is designed to evaluate
post-hoc the trustworthiness of the behavior of opaque systems. The system is implemented for
verification of dataframes in the tool BRIO [3, 4]. In [5], we introduced TNDPQ (Typed Natural
Deduction for Probabilistic Queries), a variation of the previous system in which a probabilistic output is
associated to a target variable when a Data Point — consisting of a list of values attributions for a set of
variables - is provided. In this paper, we extend this system with tools to verify individual fairness of
classifiers.

We start with a formal definition of classifiers. Let &/ be a set of protected variables a1, ..., an,
Z be a (disjoint) set of non-protected variables x1, ..., x, and ¢ be a target variable. Moreover, let
7., be a set of values a' o', ..., &% that a; can receive, 7} the set of all Va,;» Vz,; be a set of values
B, B%, ..., 34 that x; can receive, Zx the set of all 7;,, and 7; the set 51,62, ..., 67 of values that ¢
can receive. Let us use vy, . .., v, to denote elements of & U X (that is, variables regardless of their
protected or unprotected status), and 7%, ..., 7% to denote the values that v; can receive. We use
a; : o' (respectively x; : 3%) to express the judgment that variable a; receives value o' (respectively,
variable z; receives value $%), and t : 5;1, e ,5{;]. to express the probabilistic judgment that 6, ..., 67
are all the possible values that variable ¢ can receive and that, for 1 < k < j, it receives value 5% with
probability py.! We use # for the set of all the judgments about protected variables, #* for the set
of all the judgments about non-protected variables, and 77 for the set of all probabilistic judgments.
Moreover, we use 0/ to express a set of judgments about protected variables such that each element of
o receives at most one value, 0% to express a set of judgments about non-protected variables such that
each element of & receives at most one value, X to refer to the set of all 0, and 3% to refer to the

set of all . o is used to express the union of a o and a ¥, and Y. is used to refer to the set of all o.
More formally:

Y =ger {07 C 77 |Vi(a;: " € 0¥ Naj o' € 0¥ — 1 =m)}
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We assume that the values for ¢ (also for the elements of &/ and & but this is irrelevant here) are all mutually exclusive,

and so Zf;:l pr = 1. Note that we make no assumption regarding whether ¢ € & U & and so on whether 7; = 7, or
V; = Yz, for some .
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Table 1

The table shows the 680 Data Points in the Training Set that satisfy o. Of them: 100 satisfy a; : a'* and
as : a?t, 90 of which satisfy also ¢ : 0 ; 240 satisfy ay : o' and as : a2, 180 of which satisfy also ¢ : §;
240 satisfy a1 : o'? and ay : a1, 180 of which satisfy also ¢ : 6 ; 100 satisfy a; : a2 and as : @?2, 90 of
which satisfy also ¢ : 0 . By summing up the points in each column and in each row we obtain that 79%
of the points satisfy ¢ : §, so the lack of fairness disappears when at most one of a; or as is considered.

attribute a;
D

a || 29~ 0.90 | 189 ~0.75 || 20 ~0.79

a || 180~ 075 | 2 ~0.90 || 20 ~0.79

attribute as

| 210 ~ 0.79 | 218 ~0.79 |

ST =gep {0F C F¥ | Vi(z;: B € 0¥ Ay fim €0 - 1=m)}
Y =gy {07 U0? |07 €27 A o7 € 27}

A classifier //’\ € Z is a function from ¥ to F ? where each o € X describes a Data Point, that is what

we know about a subject, and the probabilistic judgment ¢ : 511)1, ., 0p,in F 7 represents the output

of the classifier regarding the probability distribution of the possible values for the target variable ¢.
TNDPQ is a proof system working with sequents describing the result of queries for classifiers. More

precisely, each classifier £ is characterized by a set of ground sequents of the form:*

o~ t:dp (1)

For readability reasons, the sequents focus on only one possible value for the target variable at a time.
In [5] we show how to extend TNDPQ with sequents working with logically complex judgments —
possibly non-atomic variables receiving possibly non-atomic values. As an example, the following
sequent expresses the probability that a non-white 27 years old woman who is married or divorced
receives a loan:

Age : 27, Gen. : f, M S : married + divorced, Etn. : white™ |~ Loan : yesq.eo

TNDPQ was initially designed to investigate the preservation of trustworthiness under the composi-
tion of logically simpler queries. In this paper, we focus only on the atomic fragment and provide a
criterion to verify individual fairness for a probabilistic classifier via structural properties. Moreover, we
address the issue of intersectionality, showing a solution through an extension of the original language
with causal relations.

2. Individual Fairness

Individual fairness has different non-equivalent definitions in the literature. A first simplified character-
ization of individual fairness is as follows:

Definition 2.1 (Individual Fairness (IF)). A classifier is individually fair regarding a set of protected

attributes if it gives the same outputs to Data Points differing only for the values of those attributes.

Formally, £ is IF regarding the set of protected attributes {a1,...,a,} iff for every c¥ € £¥ and

pair of n-tuples of values a't,...,a™ and a'™, ..., a", £(c%,a; : a™,...,a; : &™) = £(0%, a; :
1m L. Nm

a'moap s alm).

*Technically, we should add a subscript in the equation specifying the classifier we are focusing on. However, this will not be
needed here, since we will not compare outputs of different classifiers.



Given definition 2.1, in TNDPQ a classifier is IF regarding the set of protected attributes {a1, ..., a,}
iff the ground sequents describing the classifier are such that 0%, a; : o', ..., a; : o™ ‘N t:0piff
o¥ a; o, .. a; c ™ ‘N t: oy, for every 0 € 7, alt, qfm e %i,anday ex?,

We consider IF as the best way of approximating fairness through unawareness when we have to

evaluate opaque systems:

Definition 2.2 (Fairness through Unawareness (FtU)). A classifier is fair through unawareness re-
garding a protected attribute as long as this attribute is not explicitly used in the decision-making
process.

Indeed, while FtU is clearly an intensional notion, which can be properly evaluated only by looking
at the implemented program, IF can be evaluated just by looking at the inputs and outputs of the
machine. For this reason, we cannot directly evaluate FtU for opaque systems, and IF emerges as a
good substitute.

However, there is a problem. Although intersectionality holds for FtU, it fails for IF.?

Observation 2.1 (Intersectionality fails for IF). A classifier that is IF with respect to protected attribute
a1 and protected attribute ay (separately) may not be IF regarding the set {a1,as}.

Proof. To prove failure of intersectionality, we just have to show that for some classifier £, for every
0¥ € %, for every pair of values o'’ and '™ in 7, and for every pair of values o and o®>™ in 7,
YA 1 YA 1m
)f(o- 7a1:al):/(o- y a1t & )
£(0% ag :0®) = f(o¥ ag : a®m)

1, 2m
)

but for some pair of sets of values o', &% and a'™,

,?(U‘%,al sl ag : a?) # f(ag,al calm ay s a®m)

We will show that such a classifier is not only theoretically possible, but even quite common when ML
systems are trained using Data Sets of a specific kind.

For simplicity, assume that a; and as have only two possible outputs each (respectively o' and o',
and o' and a?). Let us consider an ML system implementing a learning algorithm with no restriction
on protected attributes. The system is not FtU regarding these attributes, but can be IF if it is trained
using a fair Data Set: that is, a Data Set in which all the Data Points sharing the same value of the
non-protected attributes but possibly differing for those of a; or as share the same value of the target
variable. In our case, let us assume that the Data Set is fair in this sense and focus on the specific
Data Points in table 1: these are all the Data Points that satisfy a specific 0¥ € %%, with the ratio
expressing how many of them give value J to target variable ¢. We can observe, by looking at the table,
that the Data Points are fair when a; and a9 are considered separately, and biased when a; and a3 are
considered together. Hence, the ML system will not learn to be IF regarding {a;, as}. As an example:

U‘%,al : all,ag : a21 ‘N t: (50.90

ag,al : ah,aQ ca?? ‘N t: do.75

Note that a different probability associated with just one value of ¢ is sufficient to disprove IF for the
set of variables {a1, as} and so the proof is complete. O]

Lack of intersectionality is even more serious than it could seem. Indeed, if intersectionality fails,
fairness can be gerrymandered by cherry picking protected attributes, so this property contributes to
make IF relevant even if the focus is only on single protected attributes [6, 7]. Moreover, intersectionality
also fails for more elaborated notions of individual fairness which implement a metric for similarity of
Data Points and require similar predictions for similar points [8, 9]. In fact, while a shared assumption
in the existing literature about IF is that all features of the Data Points are mutually independent, in
the next section we argue that the causal relations among such features must be taken into account in
order to check intersectionality for opaque systems.

*Notice that, even though we focus only on the case of two protected variables, the result generalizes for any set of protected
variables.



3. IF and intersectionality as Weakening

Since IF and intersectionality require that the probability of a sequent does not change when different
values are attributed to protected variables, both these properties can be seen as equivalent to a restricted
rule of Weakening:*

ol~ t:4,

I 2
O-,a o |N t : 5p Weakening ( )

Hence, since TNDPQ is non-monotonic, we need to provide the condition under which this rule is valid,
in order to deal with IF and intersectionality. As an example, the following inference establishes IF
regarding the protected attribute gender (variable Gen.) and an instance of intersectionality in case
also marital status (M S) is considered protected:

Age : 27, M S : married + divorced, Etn. : white ’N Loan : yesg.go
Age : 27, Gen. : f, MS : married + divorced, Etn. : whitet |~ Loan : yesg.go

Weakening®

Since TNDPQ is a probabilistic system, Weakening is valid when the active variable in the rule (a)
and the target variable (t) are mutually independent, conditional on o.

Definition 3.1 (Conditional Independence). ¢ and a are independent, conditional on o, iff
P(t:0|a:a,0)=P(t:0]0)

Therefore, what we need is a criterion of conditional independence.

In a logic that ignores the relations between the elements of o, conditional independence can be
decided only using brute-force methods, i.e. by checking statistical correlations for all values of any
variable. Moreover, we have no way of distinguishing good correlations from spurious ones which may
emerge due to biases in the Training Set. In contrast, a system extended with the basic vocabulary of
causal graphs [10] can describe directly causal relations between the features of the classifier. Hence,
we translate in our calculus some well-studied conditions for independence, obtaining admissibility
criteria for Weakening, in turn establishing IF and intersectionality. For the purposes of this work, we
define causal graphs as follows:

Definition 3.2 (Causal Graph). A causal graph is an acyclic directed graph with nodes representing
events (variables receiving values) and edges representing immediate causal relations.

By closing edges under transitivity, we obtain the notion of mediate cause. For purely formal reasons,
we close the notion of cause under reflexivity as well. The usual extension of deterministic causal
graphs with functions to compute the value of a node on the basis of those of all the immediate parent
nodes is here expressed by sequents like in equation 1. Moreover, the common distinction between
exogenous and endogenous nodes, relevant in discussing interventions and counterfactual fairness, is
left for further research.

Two nodes which are one the immediate cause of the other are mutually dependent. While for two
nodes which are not directly connected, dependence is defined in three steps [10]:

« The criteria in figure 1 deal with the easiest cases possible, when there is only one intermediate
node between the two;

« We define a path as blocked by a set of nodes iff, when all and only these nodes occur in the
condition, at least one chain, fork or collider in the path has independent nodes;

« Two nodes are independent iff all the paths between them are blocked.

To express the criteria for conditional independence and thus for the applicability of the rule of
Weakening, we need to internalize the causal notions in our calculus TNDPQ. For this purpose, we use
the methodology of labeled calculi [11, 12]. First, we extend the language with the following relational
predicates for variables:

Notice that intersectionality is addressed by considering o and not only o .



o g

<> () @ @ @ (c) Collider: i and k are depen-

(a) Chain: i and k are depen- (b) Fork: i and k are dependent, dent conditional on j or any
dent, but independent condi- but independent conditional of its descendant, indepen-
tional on j. on j. dent otherwise.

Figure 1: Elementary compositions of nodes in causal graphs and criteria of conditional independence.

OO OO0
O @)

Figure 2: Paths between nodes a and .

Immediate Causal Relations v; > vj =g4.f v; is an immediate cause of v;.
Mediate Causal Relations v; »™ Vj =def v; is a mediate cause of v;, with intermediate nodes M.

Path with Intermediate Nodes v; Q%I vj =def a path exists between v; and v; passing through
non-colliders M and colliders or sets of their descendants N.

then, we reformulate TNDPQ sequents by extending their left-hand side with causal relations:

Dz,awtzép (3)

Let us use Var, to indicate the set of variables that occur in o. We use > 7 to indicate all the immediate
causal relations among features in the classifier. ) > denotes all the existing paths in the resulting
graph and is derivable as the closure of > under the rules in table 2.

To see how these rules work, consider the figure 2. The rules for mediate causal relations are used
to identify the descendants of colliders. In this case, applying reflexive cause and transitive cause
we obtain: 1 p{l101c} lc, 3 » 13,30,3¢} 3¢, and 3 » 13,3034} 34 The rules chain, fork, and collider
are used to represent triplets of nodes between a and ¢, with the rule for collider representing also
the descendants. Chains and forks are stored in the superscript: 1 <>{2} 3,3 <>{4} t. The colliders are
stored in the subscript, together with the set of their descendants: a 0{17{17117716}} 2,2 0{37{373@36}} 4,
and 2 ) (3{3,3b,3d}} 4. Transitivity is used to combine these triplets to construct the paths between a

. 2,4 2,4
and t. In this case, we have two paths: a O%l,{i1b,1c}73,{3,3b,3c}} t,and a Q%1,{1,1&10},37{37%,%}} t.6
Note that in this calculus variables play the same role as labels in labeled calculi, with >~ making
explicit accessibility relations. As an example, the sequent expressing that the probability that a 27

years old person with a gross annual income of 40.000 receives a loan is 60%, is formulated as follows:
Age> M S, Age > GAI, Age > Loan, GAI > Loan, Age : 27, GAI : 40K |~ Loan : yesg.go

With these technical tools in place, we formulate an applicability criterion for the Weakening rule in
equation 4:

>Notice that the collider occurs both by itself and in the set of its descendants: its occurrence as collider is needed for the rule
of transitivity, and its occurrence in the set of its descendants is needed for the condition of applicability of the rule (4).

We focus only on the maximal sets of descendants, although technically also the paths containing only some of the descendants
are constructible. Notice that this does not cause problems with the conditions of rule (4).



Table 2
Rules to derive paths () » from immediate causal relations > The rule of Transitivity has the condition

thati e OUPandj e MUN.
Reflexive cause - v; »{} v Transitive cause v; »" v;,v; > v b v, p NULEE

Chain v; > vj,vj > vg - v; O{J} Vi Fork v, > v;,vj > vg v, Q{J} Vi

. s M o) MuO
Collider v; > vj, v > vj,v; B v, o, Qjny vk Transitivity™ v, O vi, v; Qp vy - va Qnip vy

D?’U’N t:(5p

Weakening™ (4)

>7, 0, a:a’w t:0p
With Conditions consisting of:
Condition1: a ftandt § a;
Condition2: For every a ()X ¢ in <>/¢ ,either M NVar, #0or3S € N(3z € SASNVar, = ).

Hence, to decide whether Weakening can be applied, we check both > and () > to evaluate conditional
independence. In particular, the first condition requires that protected variable and target variable are
not one the direct cause of the other, and the second condition requires that, for every path connecting
them, o blocks it, by containing at least one non-collider or by not containing a collider and all of its
descendants. Note that this rule can be used to decide both IF in general and intersectionality, which
corresponds to cases in which ¢ already contains a protected attribute. More precisely, what is obtained
by checking the admissibility of an instance of Weakening is an evaluation of fairness (and possibly
intersectionality) of the classifier, when a specific set of attributes are used to decide a target variable.
Figure 3 shows a simple example of application of this rule.

D7 Age : 27, GAI : 40K 'N Loan : yesg.eo
D .
DE,Age 127, GAI : 40K, MS :m ‘N Loan : yesg.eo
@ @ (b) Application of W with attribute M S receving value m (married).
The satisfaction of the conditions can be observed from the causal
(a) Causal graph of the classifier. graph, and is derivable from the set l>2;.

Figure 3: Example of application of Weakening.

4. Conclusion

This work focuses on formal tools to check fairness of probabilistic classifiers. We have shown that,
without taking into account the causal relations between the features of the classifier, intersectional fair-
ness is not guaranteed. The proposed typed natural deduction calculus TNDPQ has labels representing
causal relations, and it provides a criterion of applicability for the rule of Weakening that establishes
both fairness and intersectionality. An extension using causal labels to express counterfactual fairness
is left for further work.
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