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Abstract

This paper introduces HOLMS (HOL-Light Library for Modal Systems), a new framework within the HOL Light
proof assistant, designed for automated theorem proving and countermodel construction in modal logics. Building
on our prior work focused on Godel-Lob logic (GL), we generalise our approach to cover a broader range of
normal modal systems, starting here with the minimal system K. HOLMS provides a flexible mechanism for
automating proof search and countermodel generation by leveraging labelled sequent calculi, interactive theorem
proving, and formal completeness results. It thus offers the inception of a comprehensive tool for modal logic
reasoning at a high level of confidence and automation. Our on-going HOLMS project aims to create a uniform,
scalable method for handling multiple modal systems within HOL Light, thereby advancing the automation of
modal reasoning within proof assistants.
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1. Introduction

Modal logic, a branch of formal logic that deals with possibility, knowledge, obligations, and many other
non-truth-functional constructs, is a powerful tool for reasoning about non-trivial scenarios in the real
world, computer science and Al [1, 2, 3]. Over the years, it has been precious for tasks such as knowledge
representation and reasoning about uncertainty, multi-agent systems, mathematical theories, planning,
and decision-making [4, 5]. In computer science, modal logics have been pivotal in verifying, specifying
and analysing computational processes, programming languages, and, more recently, communication
protocols [6, 7, 8, 9, 10]. In particular, software and hardware verification is mainly based on model
checking of temporal and modal systems, thus on the semantics of these logics [11]. On the syntactic
side, modal logics can be defined through axiom calculi and, more recently, deductive systems based on
classical sequents or their enriched counterparts that have revealed remarkably well-behaved from the
point of view of automated reasoning [12, 13, 14, 15, 16, 17, 18, 19].

1.1. Our previous work on automated modal reasoning

Two of us have already developed a novel tool in the HOL Light proof assistant [20, 21] for automated
proving and countermodel construction in Gédel-Léb logic (GL). In prior work [22, 23], we formalised
a completeness proof of GL for its relational models, implementing both its axiomatic calculus and
key aspects of possible-world semantics, such as a polymorphic bisimulation lemma. Furthermore,
the tool provides a shallow embedding of a labelled sequent calculus for GL, automating proof search
through a new HOL Light tactic applying the sequent rules guided by the syntactic structure of the
modal formula under scrutiny stated as a HOL Light verification goal. The proof search either results
in a theorem about provability in GL or identifies a countermodel to the input formula, extending
HOL Light’s capabilities to verify (modal counterparts of) central properties of mathematical theories
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extending Peano arithmetic [24]. Figure 1 summarises the overall procedure behind our implementation
and the mathematically most relevant contents of the associated library.

Axiomatic calculus
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Y
Decision procedure ¢~

Figure 1: The official GL library in the HOL Light proof assistant. Dotted arrows represent formalisations/imple-
mentations depending on the shallow embedding of the labelled sequent calculus via our HOL Light rule for
proof-search. The double arrow connecting the (formalised) axiomatic calculus and the (formalised) relational
models based on irreflexive transitive finite frames denotes the fully formalised soundness and completeness
theorems for Godel-Lob logic.

1.2. Our current project

The current status of the modal library GL in the official HOL Light repository covers Gédel-L6b logic
only.! Nevertheless, our method is not per se limited to that specific modal system. The implementation
of a decision procedure via proof-search in labelled calculi based on formalised completeness results may
follow the general procedure of Figure 1 for any system in the modal cube [4] and, modulo substantial
investments, can cover any logic endowed with structurally well-behaved labelled sequent calculi,
beyond the class of normal modal systems.

The implementation we are introducing here goes precisely in that direction: to experiment with
the flexibility of our original approach to the mechanisation of GL by considering, for a start, the
modal cube, parametrising as far as possible the already developed code for Godel-L5b logic to port it
into a general framework for normal modal logic. This goal requires, first, to generalise our previous
formalisation to the minimal system in the cube, namely the modal logic K, which characterises the
whole class of relational frames.

It is with this spirit that, in the following pages, we survey the current status of HOLMS,? our
in-progress “HOL Light Library for Modal Systems”,” aiming at endowing the HOL Light proof assistant
with a general mechanism of automated theorem proving and countermodel construction for modal
logics.*

Paper contents. We start by generalising the previously formalised notion of derivability in the
axiomatic calculus for GL to a ternary deducibility relation - between a set of axiom schemas S, a
set of hypotheses #, and a formula ¢ (Sect. 2.1).> Next, moving to the semantic side, we re-use the
basics of relational frames developed for the GL library (Sect. 2.2). By parametrising on the set S
the notion of relational frame, we can carry out the formal proof of completeness for K and GL in a
uniform way, closer to the informal exposition given by e.g. [24], identifying the three key steps in the
general proof strategy for a broad class of extensions of K (Sect. 2.3). Since completeness holds for the

'Our library is freely accessible from the official HOL Light distribution.

*HOLMS code is archived on Software Heritage.

*HOLMS documentation website https://holms-lib.github.io/.

*HOLMS code repository: https://github.com/HOLMS-1lib/HOLMS.

>The set of schemas involved in such a relation is, ideally, any combination of axioms leading to a consistent modal system;
for the present paper, we have restricted to K and GL only.
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appropriate classes of finite frames, decidability of K and GL follows (Sect. 2.4). Finally, we recap the
shallow embedding of the labelled sequent calculus at the basis of the HOL Light decision procedure
for the logics we are considering here, pointing to simple examples in the library of automated theorem
proving and countermodel construction (Sect. 2.5).

All main statements reported in this document are hyperlinked with the corresponding snippet of
code which the icon 7 points to.

Related and future work. HOLMS is still at a rather embryo stage. Nevertheless, the methodology
underlying our library is promising for efficiently using the formal infrastructure provided by the HOL
Light proof assistant, which guarantees the (potentially) highest level of correctness of HOLMS and the
automated reasoning we are implementing there. In future work, we plan to extend the library both
concerning its dimensions (covering the whole modal cube, as well as modal systems beyond it, such
as provability logics [25, 26, 27], intuitionistic/constructive modal logics [28, 29, 30, 31, 32, 33, 34], and
many-dimensional modal logics [35, 36, 37, 38]) and its performance in verified proof search, improving
the efficiency of our HOL Light tactic implementing the verification of modal statements and comparing
it to standard benchmarks and different implementation paradigms [39, 40, 18, 41].6

2. Surveying HOLMS

2.1. Axiomatic definition and deduction theorem

After defining the basic syntax of the standard modal language, we formalise in HOL Light the notion of
derivability of a formula ¢ from a set of hypotheses H within a classical axiomatic calculus characterised
by the modal schemas S. We denote this relation with the expression S.H + (.

As mentioned, the minimal logical engine we consider here consists of the standard axiomati-
sation of modal logic K, obtained from any classical propositional calculus by adding the schema

K:=0O(A — B) - (A — OB) and the necessitation rule Sore . The general relation

S.H I is then inductively defined as follows.

Definition 1 (7). The ternary predicate S.H & o, which denotes the derivability of a formula ¢ from a
set of hypotheses H in an axiomatic extension of logic K via schemas in the set S, is inductively defined by
the following conditions:

« For every instance @ of axiom schemas for the calculus K, S.H + ¢;
« Foreveryp € H,SH F ¢;

« For every instance ¢ of schemas in S, S.H F ;

c IfSHEFEY = pand S HIF 1, then S H F ;

o IfS.0 ¢ @, then S.H = U for any set of formulas H.

In the following, we shall assume S = @ or {GL}, where GL := O(Op — ¢) — Oy is the Godel-Lob
schema. It is easy to prove the deduction theorem for this notion of derivability from hypotheses.

Theorem 1 (Deduction theorem 7). For any S, H, ¢, 1, the following equivalence holds:
SHUYFpiff SHEY — .

2.2. Relational semantics, soundness and consistency

On the semantic side, the current version of HOLMS contains the formalisation of basic notions of
frames and relational models, which we report below for the sake of completeness.

SRefer to Renate Schmidt’s online list for an overview of automated theorem provers for classical modal logic.
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Definition 2 (7). Arelational model M is a triple (W, R, V) composed of a non-empty set W of “possible
worlds”, a binary “accessibility” relation R C W x W, and an evaluation function V: W x Atm — {0,1}
associating to each x € W and each atom a of the settled modal language a truth-value V(z,a) € {0, 1}.

The forcing relation |- between a model M = (W, R, V'), a world x € W, and a formula ¢ is inductively
defined on the structure of © as follows:

e 2lFpma <= V(z,a) =1,

o zlfpm L foranyx, M,

e xlFpm o ANY <= zlFpmpandz lbpg @

e vlbp Op <= Vy € W, ifzRy, theny - @7

In words, when x |- @, we say that “p is forced by x in M.

When every world in M forces a formula ¢, we write M = ¢.

A formula  is valid in a frame F if it is true in any model based on that frame, i.e., if any world forces
it for any evaluation function on F. Formally, we write =x @ if Eaq @ for any M based on F.

A formula ¢ is valid in a class of frames G if ¢ is valid in any frame belonging to &. Formally, we write
Fe ¢ if Fx ¢ for any frame F € G.

The modal systems K and GL semantically coincide with the set of modal formulas valid in every
frame R (K) and in every frame that is irreflexive, transitive, and finite JT§ (GL), respectively. With the
expressiveness of HOL Light, we can easily define such classes of frames and prove the soundness of
the calculi we are considering: if S.& I ¢, then & F ¢. From this result, the consistency (Z, ') of
these systems follows immediately: S.o t/ L.

2.3. Completeness theorem

It remains now to prove the other direction of the correspondence between the syntactic characterisation
via - and the semantic characterisation via = of our systems, namely the formal proof of a completeness
theorem for K and GL: if §.2 I/ ¢, then there exists a model M in the class G appropriate to S such
that M ¥ ¢. Following the strategy outlined by [24], we note that it is possible to identify an informal
line of reasoning common to the completeness proofs for K for & and for GL for JTF. Both proofs
essentially follow three steps:

1. The identification of a non-empty set of possible worlds, given by a subclass of maximal consistent
sets of formulas MAXg, depending on ¢ and S;

2. The definition of a “standard” accessibility relation Rg between these worlds such that the frame
(MAij7 Rg> is appropriate to S;

3. The reduction of the notion of forcing = IF « to that of set-theoretic membership o € x for every
subformula « of ¢, through a specific atomic evaluation function on <MAX‘£, R‘£>.

By working with the proof assistant, it is possible to identify all those lines of reasoning that are
parametric for S and develop each of the three steps while avoiding code duplication as much as possible.
In particular, step 3 is already fully formalised in HOLMS within the following parametric truth lemma.®

2 1 : S S .
Lemma 1 (Truth lemma 7). Given ¢ such that S.@ V/ ¢, and given the frame (MAX], R) which

satisfies conditions 1-2 above, for every x € MAX‘;’; and every subformula « of ¢, the following equivalence
holds:
x |F<MAX£7R$€%> aiff o € x, where evy(z,a) := 1 if and only if a is a subformula of p and a € .

"The remaining truth-functional operators are defined as usual in terms of L and A; similarly, we define the diamond operator
as o = —[=p.

8The definitions of MAXg and Rg differ between K and GL, and in the current version of our library, they are encoded as two
distinct formal definitions.
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The availability of the parametric truth lemma is thus essential to formalise and prove the complete-
ness theorem:

Theorem 2 (Completeness 7, 7 ). For every formula o, if & = ¢, then S.@ F ¢.°

2.4. Finite model property and decidability

The formalisation of Theorem 2 offers a valuable byproduct for automated reasoning. For verifying
whether a formula ¢ of size n is a theorem in a modal system S,  can be model-checked on all S-models
of size k, for any k < 2". A basic approach involves applying the completeness theorem for finite
frames, unfolding definitions, and solving the resulting semantic problem using first-order reasoning.
This simple method can verify some lemmas in normal modal logics with non-trivial proofs in the
axiomatic setting, and a more advanced implementation could add an OCaml function to bound frame
sizes to improve its performance.

2.5. Automated theorem proving and countermodel construction

In HOLMS, instead of replicating these model-checking verification mechanisms, the approach focuses
on logical verification through proof search, leveraging HOL Light’s goal-stack mechanism. Verifying a
formula ¢ is reduced to constructing a formal derivation of the sequent = x : ¢ in the labelled calculus
for modal logic (K or GL). This construction is done via a shallow embedding, using labelled sequent
calculus as a syntactic representation of relational semantics:

SEMANTIC NOTATION zlFA
LABELLED SEQUENT CALCULUS NOTATION | x : A
HOL LIGHT NOTATION (7 holds (W,R) V A x

Notice that in holds (W,R) V A x the items W, R, V are made explicit as the components of the
relational model on which the semantic forcing relation x = A is defined.

The goal-stack mechanism and forcing formalisation in HOL Light are thus adapted to develop proofs
without formalising the entire calculus: we recall here the main lines of the implementation.'’

Let us call any expression of forcing in HOL Light notation a holds-proposition.

HOL Light’s proof development is based on a single-consequent sequent calculus for higher-order
logic. However, we need to extend this to a multi-consequent sequent calculus with lists of holds-
propositions and relational atoms. To formalise commas, meta-level conjunction > /\’ is used in the
antecedent, and meta-level disjunction *\/’ is used in the consequent. The basic workhorse tactics
need to operate on two parts: (a) the goal term, corresponding to labelled formulas on the right of a
sequent, and (b) the hypotheses list, corresponding to labelled formulas and relational atoms on the left.
These tactics mimic traditional labelled calculus rules, providing the basic shallow embedding of the
labelled system.

To automate proof search in this shallow-embedded calculus, two tactics (for GL & and K 7 ) are
defined by following a root-first strategy in labelled sequent calculi. The process involves:

1. Setting the verification goal for a given modal formula ¢ in terms of derivability S.@ - ¢;

2. Introducing a model and world, reducing the goal to a holds-proposition, by applying the formal
counterpart of Theorem 2;

3. Adding semantic hypotheses to handle modal and relational rules (e.g., transitivity for GL);

*We note in passing that although the class of frames & is polymorphic, the proof of the completeness theorem proceeds
through a formal construction that restricts the result to the domain form list. However, the more general version of
completeness is easily obtained through the formalisation of a type-theoretic version of the well-known bisimulation lemma,
detailed in [23, § 4.4].

1°A detailed description of this adaptation is given in [23, § 6.2].
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4. Applying propositional rules, prioritising non-branching ones, and the left rule for the modality,
possibly reordering goal terms before triggering the rule for the modal operator on the right side
of sequents, which are kept in specific normal form to facilitate the activation of the appropriate
rules.

Steps 2-4 are repeated unless the same holds-proposition appears in both the hypotheses and
disjuncts, in which case the branch closes successfully. Otherwise, when no rule can be triggered, the
proof terminates with a countermodel, which the proof assistant displays to the user. If all branches
and sub-goals are closed, the proof assistant returns a new HOL Light theorem stating that the input
formula is a lemma of the modal system under consideration.
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