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Why should be care about big data(sets)?

Earth Biogenome Project

Sequencing 1.5 (!) million species
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Why should be care about big data(sets)?

Earth Biogenome Project

Sequencing 1.5 (!) million species

Side (?) observation

coverage increases ⇒ repetitiveness icreases

2



Why structuring data

Example

Given a file S containing 1T (≈ 240 numbers) numbers and a

number n answer to the question:

is n in S?
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Binary Search

Search for 7:
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Binary Search

Search for 7:

How many questions/steps/instructions?

≈ 40 ... why?
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Binary Search

Search for 7:

240 = 2 ⋅ 2 ⋅ 2 ⋅ . . . ⋅ 2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

40times
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A different look: codes

Elements can be turned into (encoded by) binary codes:

indexes
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A different look: codes

Elements can be turned into (encoded by) binary codes:

indexes

What about space?
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A different look: codes

Elements can be turned into (encoded by) binary codes:

indexes

What about space?

Are there better indexes? (Better codes/encodings?)
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Abstract

Indexes are models: a B-Tree-Index can be seen as a model to map a key to the position of a record
within a sorted array, a Hash-Index as a model to map a key to a position of a record within an unsorted
array, and a BitMap-Index as a model to indicate if a data record exists or not. In this exploratory research
paper, we start from this premise and posit that all existing index structures can be replaced with other
types of models, including deep-learning models, which we term learned indexes. The key idea is that
a model can learn the sort order or structure of lookup keys and use this signal to effectively predict
the position or existence of records. We theoretically analyze under which conditions learned indexes
outperform traditional index structures and describe the main challenges in designing learned index
structures. Our initial results show, that by using neural nets we are able to outperform cache-optimized
B-Trees by up to 70% in speed while saving an order-of-magnitude in memory over several real-world
data sets. More importantly though, we believe that the idea of replacing core components of a data
management system through learned models has far reaching implications for future systems designs and
that this work just provides a glimpse of what might be possible.

1 Introduction

Whenever efficient data access is needed, index structures are the answer, and a wide variety of choices exist
to address the different needs of various access patterns. For example, B-Trees are the best choice for range
requests (e.g., retrieve all records in a certain time frame); Hash-maps are hard to beat in performance for
single key look-ups; and Bloom filters are typically used to check for record existence. Because of their
importance for database systems and many other applications, indexes have been extensively tuned over the
past decades to be more memory, cache and/or CPU efficient [36, 59, 29, 11].

Yet, all of those indexes remain general purpose data structures; they assume nothing about the data
distribution and do not take advantage of more common patterns prevalent in real world data. For example,
if the goal is to build a highly-tuned system to store and query ranges of fixed-length records over a set of
continuous integer keys (e.g., the keys 1 to 100M), one would not use a conventional B-Tree index over
the keys since the key itself can be used as an offset, making it an O(1) rather than O(log n) operation to
look-up any key or the beginning of a range of keys. Similarly, the index memory size would be reduced

⇤Work done while author was affiliated with Google.
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ABSTRACT
The recent introduction of learned indexes has shaken the
foundations of the decades-old field of indexing data struc-
tures. Combining, or even replacing, classic design ele-
ments such as B-tree nodes with machine learning models
has proven to give outstanding improvements in the space
footprint and time e!ciency of data systems. However,
these novel approaches are based on heuristics, thus they
lack any guarantees both in their time and space require-
ments.

We propose the Piecewise Geometric Model index (shortly,
PGM-index), which achieves guaranteed I/O-optimality in
query operations, learns an optimal number of linear mod-
els, and its peculiar recursive construction makes it a purely
learned data structure, rather than a hybrid of traditional
and learned indexes (such as RMI and FITing-tree). We
show experimentally that the PGM-index improves the space
of the best known learned index, i.e. FITing-tree, by 63.3%
and of the B-tree by more than four orders of magnitude,
while achieving their same or even better query time e!-
ciency.

We complement this result by proposing three variants of
the PGM-index which address some key issues occurring in
the design of modern big data systems. First, we design
a compressed PGM-index that further reduces its succinct
space footprint by exploiting the repetitiveness at the level
of the learned linear models it is composed of. Second, we
design a PGM-index that adapts itself to the distribution
of the query operations, thus resulting in the first known
distribution-aware learned index to date. Finally, given its
flexibility in the o"ered space-time trade-o"s, we propose
the multicriteria PGM-index whose speciality is to e!ciently
auto-tune itself in a few seconds over hundreds of millions of
keys to the possibly evolving space-time constraints imposed
by the application of use.

1. INTRODUCTION
The ever-growing amount of information coming from the

Web, social networks and Internet of Things severely im-
pairs the management of available data. Advances in CPUs,
GPUs and memories hardly solve this problem without prop-
erly devised algorithmic solutions. Hence, much research has
been devoted to dealing with this enormous amount of data,
particularly focusing on memory hierarchy utilisation [2, 34],
query processing on streams [10], space e!ciency [23, 24],
parallel and distributed processing [15]. But despite these

formidable results, we still miss proper algorithms and data
structures that are flexible enough to work under computa-
tional constraints that vary across users, devices and appli-
cations, and possibly evolve over time.

In this paper, we restrict our attention to the case of in-
dexing data structures for internal or external memory which
solve the so-called fully indexable dictionary problem. This
problem asks to store a multiset S of real keys in order to
e!ciently support the query rank(x), which returns for any
possible key x the number of keys in S which are smaller
than x. In formula, rank(x) = |{y ! S | y < x}|. Now,
suppose that the keys in S are stored in a sorted array A.
It is not di!cult to deploy the rank primitive to implement
the following classic queries:

• member(x) = true if x ! S, false otherwise. Just
check whether A[rank(x)] = x, since A stores items
from position 0.

• predecessor (x) = max{y ! S | y < x}. Return A[i],
where i = rank(x) " 1.

• range(x, y) = S # [x, y]. Scan from A[rank(x)] up to
keys smaller than or equal to y.

Moreover, we notice that it is easy to derive from member(x)
the implementation of the query lookup(x), which returns
the satellite data of x ! S (if any), nil otherwise.

In the following, we will use the generic expression query
operations to refer to any of the previous kinds of pointwise
queries, namely: member(x), predecessor (x) and lookup(x).
On the contrary, we will be explicit in referring to range(x, y)
because of its variable-size output.

Background and related work. Existing indexing data
structures can be grouped into: (i) hash-based, which range
from traditional hash tables to recent techniques, like Cuckoo
hashing [28]; (ii) tree-based, such as B-trees and its vari-
ants [2, 34, 31]; (iii) bitmap-based [36, 7], which allow ef-
ficient set operations; and (iv) trie-based, which are com-
monly used for string keys. Unfortunately, hash-based in-
dexes do not support predecessor or range searches; bitmap-
based indexes can be expensive to store, maintain and de-
compress [35]; trie-based indexes are mostly pointer-based
and, apart from recent results [12], keys are stored uncom-
pressed thus taking space proportional to the dictionary size.
As a result, B-trees and their variations remain the predom-
inant data structures in commercial database systems for
these kinds of queries [29].1

1For other related work we refer the reader to [18, 13], here
we mention only the results which are closer to our proposal.
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Entropy of S

How difficult is to find an element in S?

H(S) = log ∣S ∣

How much information is carried by each code (of an element of

S)?

BITs and SHANNONs
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Let’s get real

Probability and entropy of a random variable distribution
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Let’s get real

Probability and entropy of a random variable distribution

Definition

For X r.v. taking values x1, . . . , xn
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Let’s get real

Probability and entropy of a random variable distribution

Definition

For X r.v. taking values x1, . . . , xn

H(X ) =
n

∑
i=1

p(xi) log(1/p(xi)

= E [log(1/p(xi)] ... BITs (SHANNONs)
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Let’s get real

Probability and entropy of a random variable distribution

Definition

For X r.v. taking values x1, . . . , xn

H(X ) =
n

∑
i=1

p(xi) log(1/p(xi)

= E [log(1/p(xi)] ... BITs (SHANNONs)

Then, we cannot encode a sequence S in less than

H(S) = −∑c∈Σ P(c) ⋅ log2(P(c)) bits/symbol .
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Entropy of a Genome
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Problems

How do we structure (e.g.) genomes for searching?

• not one string but many strings

• string of characters (not numbers)

• we search for substrings (not single characters)

• ...
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Problems

How do we structure (e.g.) genomes for searching?

• not one string but many strings

• string of characters (not numbers)

• we search for substrings (not single characters)

• ...

How do we exploit repetitiveness?
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Key point

We ordered data in order to apply binary search.

What about DNA?
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Ordering a string (of DNA)?

Suffixes
1 AGGTTGCCAGTGT 1 AGGTTGCCAGTGT

2 GGTTGCCAGTGT 9 AGTGT

3 GTTGCCAGTGT 8 CAGTGT

4 TTGCCAGTGT 7 CCAGTGT

5 TGCCAGTGT 6 GCCAGTGT

6 GCCAGTGT 2 GGTTGCCAGTGT

7 CCAGTGT 12 GT

8 CAGTGT 10 GTGT

9 AGTGT 3 GTTGCCAGTGT

10 GTGT 13 T

11 TGT 5 TGCCAGTGT

12 GT 11 TGT

13 T 4 TTGCCAGTGT

12



Ordered suffixes (can be compressed): Burrows-Wheeler

AGGTTGCCAGTGT

AGTGT

CAGTGT

CCAGTGT

GCCAGTGT

GGTTGCCAGTGT

GT

GTGT

GTTGCCAGTGT

T

TGCCAGTGT

TGT

TTGCCAGTGT
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Ordered suffixes (can be compressed): Burrows-Wheeler

$
AGGTTGCCAGTGT$
AGTGT$
CAGTGT$
CCAGTGT$
GCCAGTGT$
GGTTGCCAGTGT$
GT$
GTGT$
GTTGCCAGTGT$
T$
TGCCAGTGT$
TGT$
TTGCCAGTGT$
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Ordered suffixes (can be compressed): Burrows-Wheeler

$AGGTTGCCAGTGT

AGGTTGCCAGTGT$
AGTGT$AGGTTGCC

CAGTGT$AGGTTGC

CCAGTGT$AGGTTG

GCCAGTGT$AGGTT

GGTTGCCAGTGT$A

GT$AGGTTGCCAGT

GTGT$AGGTTGCCA

GTTGCCAGTGT$AG

T$AGGTTGCCAGTG

TGCCAGTGT$AGGT

TGT$AGGTTGCCAG

TTGCCAGTGT$AGG
13



Ordered suffixes (can be compressed): Burrows-Wheeler

$AGGTTGCCAGTGT

AGGTTGCCAGTGT$
AGTGT$AGGTTGCC

CAGTGT$AGGTTGC

CCAGTGT$AGGTTG

GCCAGTGT$AGGTT

GGTTGCCAGTGT$A

GT$AGGTTGCCAGT

GTGT$AGGTTGCCA

GTTGCCAGTGT$AG

T$AGGTTGCCAGTG

TGCCAGTGT$AGGT

TGT$AGGTTGCCAG

TTGCCAGTGT$AGG
13



Definition (Burrows-Wheeler Transform)

BWT(AGGTTGCCAGTGT$) = T$CCGTATAGGTGG

Proposition

The BWT of a text can be (easily) inverted and compressed.

14



Space

How much space are we using?

booster

The BWT is a booster for compression

An Analysis of the Burrows-Wheeler Transform

Giovanni Manzini

Dipartimento di Informatica, Università del Piemonte Orientale, Italy.

The Burrows-Wheeler Transform (also known as Block-Sorting) is at the base of compression algorithms which are the state
of the art in lossless data compression. In this paper we analyze two algorithms which use this technique. The first one is
the original algorithm described by Burrows and Wheeler, which, despite its simplicity, outperforms the Gzip compressor.
The second one uses an additional run-length encoding step to improve compression. We prove that the compression ratio
of both algorithms can be bounded in terms of the k-th order empirical entropy of the input string for any k � 0. We make
no assumptions on the input and we obtain bounds which hold in the worst case, that is, for every possible input string. All
previous results for Block-Sorting algorithms were concerned with the average compression ratio and have been established
assuming that the input comes from a finite-order Markov source.

Categories and Subject Descriptors: E.4 [Coding and Information Theory]: data compactions and compression; F.2.2
[Analysis of Algorithms and Problem Complexity]: Nonnumerical Analysis and Problems

General Terms: Algorithms, Performance

Additional Key Words and Phrases: Block sorting, Burrows-Wheeler Transform, move-to-front encoding, worst-case analysis
of compression

1. INTRODUCTION

A recent breakthrough in data compression has been the introduction of the Burrows-Wheeler Transform
(BWT from now on) [Burrows and Wheeler 1994]. Loosely speaking, the BWT produces a permutation
bwt(s) of the input string s such that from bwt(s) we can retrieve s but at the same time bwt(s) is
much easier to compress. The whole idea of a transformation that makes a string easier to compress is
completely new, even if, after the appearance of the BWT some researchers recognized that it is related
to some well known compression techniques (see for example [Cleary and Teahan 1997; Fenwick 1996b;
Larsson 1998]).

The BWT is a very powerful tool and even the simplest algorithms which use it have surprisingly
good performances (the reader may look at the very simple and clean BWT-based algorithm described
in [Nelson 1996] which outperforms, in terms of compression ratio, the commercial package Pkzip). More
advanced BWT-based compressors, such as Bzip [Seward 1997] and Szip [Schindler 1997], are among
the best compressors currently available. As can be seen from the results reported in [Arnold and Bell
; Fenwick 1996a] BWT-based compressors achieve a very good compression ratio using relatively small

THIS VERSION CONTAINS THE CORRECTION OF A FEW TYPOS WHICH UNFORTUNATELY APPEARED IN THE JACM
PRINTED VERSION. I POINT OUT THAT THE RESPONSIBILITY OF THESE TYPOS IS ENTIRELY MINE AND NOT OF
THE ACM STAFF.
A preliminary version of this paper has been presented to the 10th Symposium on Discrete Algorithms (SODA ’99).
Author’s address: Dipartimento di Informatica, Università del Piemonte Orientale, Corso Borsalino, 54, I-15100, Alessan-
dria, Italy, and IIT-CNR, Pisa, Italy. Email: manzini@mfn.unipmn.it.
Permission to make digital or hard copies of part or all of this work for personal or classroom use is granted without fee
provided that copies are not made or distributed for profit or direct commercial advantage and that copies show this notice
on the first page or initial screen of a display along with the full citation. Copyrights for components of this work owned
by others than ACM must be honored. Abstracting with credit is permitted. To copy otherwise, to republish, to post
on servers, to redistribute to lists, or to use any component of this work in other works, requires prior specific permission
and/or a fee.
c� 2001 by the Association for Computing Machinery, Inc.

Journal of the Association for Computing Machinery, Vol. 48, No. 3, May 2001, pp. 407-430
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run-length encoding
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Author’s address: Dipartimento di Informatica, Università del Piemonte Orientale, Corso Borsalino, 54, I-15100, Alessan-
dria, Italy, and IIT-CNR, Pisa, Italy. Email: manzini@mfn.unipmn.it.
Permission to make digital or hard copies of part or all of this work for personal or classroom use is granted without fee
provided that copies are not made or distributed for profit or direct commercial advantage and that copies show this notice
on the first page or initial screen of a display along with the full citation. Copyrights for components of this work owned
by others than ACM must be honored. Abstracting with credit is permitted. To copy otherwise, to republish, to post
on servers, to redistribute to lists, or to use any component of this work in other works, requires prior specific permission
and/or a fee.
c� 2001 by the Association for Computing Machinery, Inc.

Journal of the Association for Computing Machinery, Vol. 48, No. 3, May 2001, pp. 407-430

JACM 2001

run-length encoding

Long repetitions?
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Search

Searching the BWT (T ) ...

... is like searching the suffix array (via the L-F property)
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Search

Searching the BWT (T ) ...

... is like searching the suffix array (via the L-F property)

The BWT orders suffixes.
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What about graphs?
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The famous Burrows–Wheeler Transform (BWT) was originally defined for a single string 
but variations have been developed for sets of strings, labeled trees, de Bruijn graphs, etc. 
In this paper we propose a framework that includes many of these variations and that we 
hope will simplify the search for more.
We first define Wheeler graphs and show they have a property we call path coherence. We 
show that if the state diagram of a finite-state automaton is a Wheeler graph then, by its 
path coherence, we can order the nodes such that, for any string, the nodes reachable from 
the initial state or states by processing that string are consecutive. This means that even 
if the automaton is non-deterministic, we can still store it compactly and process strings 
with it quickly.
We then rederive several variations of the BWT by designing straightforward finite-state 
automata for the relevant problems and showing that their state diagrams are Wheeler 
graphs.

! 2017 The Authors. Published by Elsevier B.V. This is an open access article under the 
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The Burrows–Wheeler Transformation (BWT) has a very peculiar history. First conceived in 1983, it was published only 
eleven years later in a technical report [9], presumably because it was so innovative that the first reviewers were not able to 
grasp its full significance. A few years later, the compression algorithm bzip2 based on the BWT became popular, challenging
gzip’s dominance, thanks to the finely engineered implementation of Julian Seward [46] (the very same computer scientist 
who gave us also the invaluable tool Valgrind [47]).

After its introduction as a compression tool, interest in the BWT was rekindled when many researchers realized that, 
among the different techniques discovered at the turn of the century for designing compressed indexes [19,29,34], those 
based on the BWT are probably the simplest and most space e!cient [15,43]. After this realization, in the last ten years 
we have witnessed an unusual phenomenon in computer science: variants of the BWT have been proposed and applied to 
more and more complex objects: from trees, to graphs, to alignments. These variants are clearly related to the BWT even 

! This work was supported by Academy of Finland grant 268324, FONDECYT grant 1171058, KITE-DiSIT project, INdAM-GNCS Project “E!cient algorithms 
and techniques for the organization, management and analysis of biological Big Data”, and the Wellcome Trust grant [098051].

* Corresponding author.
E-mail addresses: travis.gagie@udp.cl (T. Gagie), giovanni.manzini@uniupo.it (G. Manzini), jouni.siren@iki.fi (J. Sirén).

http://dx.doi.org/10.1016/j.tcs.2017.06.016
0304-3975/! 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
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The famous Burrows–Wheeler Transform (BWT) was originally defined for a single string 
but variations have been developed for sets of strings, labeled trees, de Bruijn graphs, etc. 
In this paper we propose a framework that includes many of these variations and that we 
hope will simplify the search for more.
We first define Wheeler graphs and show they have a property we call path coherence. We 
show that if the state diagram of a finite-state automaton is a Wheeler graph then, by its 
path coherence, we can order the nodes such that, for any string, the nodes reachable from 
the initial state or states by processing that string are consecutive. This means that even 
if the automaton is non-deterministic, we can still store it compactly and process strings 
with it quickly.
We then rederive several variations of the BWT by designing straightforward finite-state 
automata for the relevant problems and showing that their state diagrams are Wheeler 
graphs.

! 2017 The Authors. Published by Elsevier B.V. This is an open access article under the 
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The Burrows–Wheeler Transformation (BWT) has a very peculiar history. First conceived in 1983, it was published only 
eleven years later in a technical report [9], presumably because it was so innovative that the first reviewers were not able to 
grasp its full significance. A few years later, the compression algorithm bzip2 based on the BWT became popular, challenging
gzip’s dominance, thanks to the finely engineered implementation of Julian Seward [46] (the very same computer scientist 
who gave us also the invaluable tool Valgrind [47]).

After its introduction as a compression tool, interest in the BWT was rekindled when many researchers realized that, 
among the different techniques discovered at the turn of the century for designing compressed indexes [19,29,34], those 
based on the BWT are probably the simplest and most space e!cient [15,43]. After this realization, in the last ten years 
we have witnessed an unusual phenomenon in computer science: variants of the BWT have been proposed and applied to 
more and more complex objects: from trees, to graphs, to alignments. These variants are clearly related to the BWT even 
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Fig. 1. An eight-node Wheeler graph. Node 1 has in-degree 0; edges labeled a enters in nodes 2, 3, 4; edges labeled b in nodes 5, 6; edges labeled c in 
nodes 7, 8.

if some of them no longer have the two main features of the original BWT, namely of being invertible and of “helping” 
compression.

At this point it is natural to ask whether we have approached the BWT as the blind men approached the elephant (see, 
e.g., [45]), with one touching a leg and thinking the elephant is like a tree, another touching the trunk and thinking it is 
like a snake, and yet another touching the tail and thinking it is like a rope. We do not disparage previous surveys of the 
BWT and related data structures, such as [1,35,42], since we too have spent years trying to make sense of our sometimes 
disparate impressions of the it. Without pretending to give a complete answer, in this paper we propose a unifying view 
for many different BWT variants. Somewhat surprisingly we get our unifying view considering the Nondeterministic Finite 
Automata related to different pattern matching problems. We show that the state graphs associated to these automata have 
common properties that we summarize with the concept of Wheeler graphs.1

Using the notion of a Wheeler graph, we show that it is possible to process strings e!ciently, e.g., in linear time if 
the alphabet is constant, even if the automaton is nondeterministic. In addition, we show that Wheeler graphs can be 
compactly represented and traversed using up to three arrays with additional data structures supporting e!cient rank and 
select operations. It turns out that these arrays coincide with, or are substantially equivalent to, the output of many BWT 
variants described in the literature.

We believe our unifying view can help researchers develop new BWT variants and new indexing data structures. How-
ever, we stress that not every BWT-related data structure fits our framework: for example Ganguly et al.’s parameterized 
BWT [25] and the index for order-preserving matching in [23]. Therefore, we hope that our contribution will spur further 
research resulting in a wider vision of the fascinating field originated by the seminal work of Burrows and Wheeler.

2. Definitions and basic results

Consider a directed edge-labeled graph G such that each edge is labeled by a character from an totally-ordered alpha-
bet A. We use ! to denote the ordering among A’s elements. Labels on the edges leaving a given node are not necessarily 
distinct, and there can be multiple edges linking the same pair of nodes (for simplicity we still use the term graph rather 
than the more formally correct multi-graph).

Definition 1. G is a Wheeler graph if there is an ordering of the nodes such that nodes with in-degree 0 precede those 
with positive in-degree and, for any pair of edges e = (u, v) and e" = (u", v ") labeled a and a" respectively, the following 
monotonicity properties hold:

a ! a" #$ v < v " ,
(a = a") % (u < u") #$ v & v " . (1)

An example of a Wheeler graph is shown in Fig. 1. As an immediate consequence of (1), all edges entering a given node 
must have the same label. We now show that Wheeler graphs also possess the following property:

Definition 2. G is path coherent if there is a total order of the nodes such that for any consecutive range [i, j] of nodes and 
string !, the nodes reachable from those in [i, j] in |!| steps by following edges whose labels for ! when concatenated, 
themselves form a consecutive range.

Lemma 3. If G is a Wheeler graph by an ordering " on its nodes then it is path coherent by " .

Proof. Suppose G is a Wheeler graph by " . Consider a consecutive range [i, j] of nodes and let [i", j"] be the smallest range 
that contains all the nodes reachable from those in [i, j] in one step by following edges labeled with some character a. 
By our choice of [i", j"], both i" and j" are reachable from nodes in [i, j] in one step by following edges labeled a. By our 

1 On many occasions Mike Burrows stated that, as reported also in [9], the original idea of the BWT is due to David Wheeler. We therefore decided to 
name this graph class after this pioneer of computer science.
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1 On many occasions Mike Burrows stated that, as reported also in [9], the original idea of the BWT is due to David Wheeler. We therefore decided to 
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monotonicity properties hold:

a ! a" #$ v < v " ,
(a = a") % (u < u") #$ v & v " . (1)

An example of a Wheeler graph is shown in Fig. 1. As an immediate consequence of (1), all edges entering a given node 
must have the same label. We now show that Wheeler graphs also possess the following property:

Definition 2. G is path coherent if there is a total order of the nodes such that for any consecutive range [i, j] of nodes and 
string !, the nodes reachable from those in [i, j] in |!| steps by following edges whose labels for ! when concatenated, 
themselves form a consecutive range.

Lemma 3. If G is a Wheeler graph by an ordering " on its nodes then it is path coherent by " .

Proof. Suppose G is a Wheeler graph by " . Consider a consecutive range [i, j] of nodes and let [i", j"] be the smallest range 
that contains all the nodes reachable from those in [i, j] in one step by following edges labeled with some character a. 
By our choice of [i", j"], both i" and j" are reachable from nodes in [i, j] in one step by following edges labeled a. By our 

1 On many occasions Mike Burrows stated that, as reported also in [9], the original idea of the BWT is due to David Wheeler. We therefore decided to 
name this graph class after this pioneer of computer science.
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Fig. 1. An eight-node Wheeler graph. Node 1 has in-degree 0; edges labeled a enters in nodes 2, 3, 4; edges labeled b in nodes 5, 6; edges labeled c in 
nodes 7, 8.
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• minimization ⇒ many function coarsest partition problem

(non-deterministic case: handle with care!)

• Myhill-Nerorde Theorem ⇒ States of the minimum DFA

accepting L are sets strings

• non-determinism can be eliminated ⇒ power-construction

(exponential blow-up)
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Regular Languages meet Prefix Sorting ⇤

Jarno Alanko† Giovanna D’Agostino‡ Alberto Policriti§ Nicola Prezza¶

Abstract

Indexing strings via prefix (or su�x) sorting is, arguably,

one of the most successful algorithmic techniques developed

in the last decades. Can indexing be extended to languages?

The main contribution of this paper is to initiate the study of

the sub-class of regular languages accepted by an automa-

ton whose states can be prefix-sorted. Starting from the

recent notion of Wheeler graph [Gagie et al., TCS 2017]—

which extends naturally the concept of prefix sorting to la-

beled graphs—we investigate the properties of Wheeler lan-

guages, that is, regular languages admitting an accepting

Wheeler finite automaton. We first characterize this fam-

ily as the natural extension of regular languages endowed

with the co-lexicographic ordering: the sorted prefixes of

strings belonging to a Wheeler language are partitioned into

a finite number of co-lexicographic intervals, each formed

by elements from a single Myhill-Nerode equivalence class.

We proceed by proving several results related to Wheeler au-

tomata: (i) We show that every Wheeler NFA (WNFA) with

n states admits an equivalent Wheeler DFA (WDFA) with

at most 2n� 1� |⌃| states (⌃ being the alphabet) that can

be computed in O(n3) time. (ii) We describe a quadratic

algorithm to prefix-sort a proper superset of the WDFAs,

a O(n log n)-time online algorithm to sort acyclic WDFAs,

and an optimal linear-time o✏ine algorithm to sort general

WDFAs. (iii) We provide a minimization theorem that char-

acterizes the smallest WDFA recognizing the same language

of any input WDFA. The corresponding constructive algo-

rithm runs in optimal linear time in the acyclic case, and in

O(n log n) time in the general case. (iv) We show how to

compute the smallest WDFA equivalent to any acyclic DFA

in nearly-optimal time. Our contributions imply new results

of independent interest. Contributions (i-iii) provide a new

class of NFAs for which the minimization problem can be

approximated within a constant factor in polynomial time.

Contribution (iv) provides a provably minimum-size solu-

tion for the well-studied problem of indexing deterministic-

acyclic graphs for linear-time pattern matching queries.
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1 Introduction

Prefix-sorting is the process of ordering the positions
of a string in the co-lexicographic order of their cor-
responding prefixes1. Once this step has been per-
formed, several problems on strings become much eas-
ier to solve: for example, substrings can be located ef-
ficiently in the string without the need to read all of
its characters. Given the versatility of this tool, it is
natural trying to generalize it to more complex objects
such as edge-labeled trees and graphs. For example, a
procedure for lexicographically-sorting the states of a
finite-state automaton could be useful to speed up sub-
sequent membership queries in its accepting language
or its substring/su�x closure; as shown by Backurs and
Indyk [2], membership and pattern matching problems
on regular languages are hard in the general case. The
newborn theory of Wheeler graphs [10] provides such a
generalization. Intuitively, a labeled graph is Wheeler
if and only if its nodes can be co-lexicographically
sorted in a total order, i.e. pairwise-distinct nodes
are ordered according to (i) their incoming labels or,
when those labels are equal, (ii) their predecessors.
As a consequence, Wheeler graphs admit indexes for
linear-time exact pattern matching queries (also known
as path queries). Wheeler graphs generalize several
lexicographically-sorted structures studied throughout
the past decades: indexes on strings [9, 22, 31], sets of
strings [24], trees [8], de Bruijn graphs [5], variable-order
de Bruijn graphs [29], wavelet trees [14], wavelet matri-
ces [4]. These e↵orts are part of a more general wave
of interest (dating as far back as 27 years ago [23]) to-
wards techniques aimed at solving pattern matching on
labeled graphs [1,6,8,10,18,23,27,29,30]. As discussed
above, existing graph-indexing solutions can only deal
with simple labeled graphs. The problem of indexing
general (or even just acyclic) graphs with a solution
of provably-minimum size remains unsolved. Unfor-
tunately, not all graphs are Wheeler and, as Gibney
and Thankachan [12] have recently shown, the prob-
lem of recognizing (and sorting) them turns out to be
NP-complete even when the graph is acyclic (this in-

1Usually, the lexicographic order is used to sort string su�xes.

In this paper, we use the symmetric co-lexicographic order of the
string’s prefixes, and extend the concept to labeled graphs.
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cludes, in particular, acyclic NFAs). Even worse, not
all regular languages admit an accepting Wheeler finite
automaton: the set of Wheeler languages is a proper
superset of the finite languages and a proper subset of
the regular languages [10]. Even when an index is not
used, exact pattern matching on graphs is hard: Equi
et al. [6] have recently shown that any solution to the
problem requires at least quadratic time (under the Or-
thogonal Vectors hypothesis), even on acyclic DFAs. In
particular, this implies that converting an acyclic DFA
into an equivalent Wheeler DFA cannot be done in less
than quadratic time in the worst case.

The remaining open questions, therefore, are: what
are the properties of Wheeler languages? Which class
of automata admits polynomial-time prefix-sorting pro-
cedures? Can we e�ciently build the smallest (that
is, with the minimum number of states) prefix-sortable
finite-state automaton that accepts a given regular lan-
guage? These questions are also of practical relevance:
as shown in [29], acyclic DFAs recognizing pan-genomes
(i.e. known variations in the reference genome of a pop-
ulation) can be turned into equivalent WDFAs of the
same expected asymptotic size. While the authors do
not find the minimum such automaton, their theoretical
analysis (as well as experimental evaluation) suggests
that the graph-indexing problem is tractable in some
real-case scenarios.

1.1 Our Contributions In this paper we provide
the following contributions:

1. We show that Wheeler languages are the natural
version of regular languages endowed with the co-
lexicographic ordering: when sorted, the prefixes
of strings belonging to a Wheeler language are
partitioned into a finite number of intervals, each
formed by elements from a single Myhill-Nerode
equivalence class. In regular languages, those
intervals are replaced with general sets.

2. We show that every Wheeler NFA (WNFA) with n
states admits an equivalent Wheeler DFA (WDFA)
with at most 2n � 1 � |⌃| states (⌃ being the
alphabet) that can be computed in O(n3) time.
This is in sharp contrast with general NFAs (where
the blow-up could be exponential).

3. Let d-NFA denote the class of NFAs with at most
d equally-labeled edges leaving any state. We
show that the problem of recognizing and sorting
Wheeler d-NFAs is in P for d  2. A recent result
from Gibney and Thankachan [12] shows that the
problem is NP-complete for d � 5. Our result
almost completes the picture, the remaining open
cases being d = 3 and d = 4.

4. We provide an online incremental algorithm that,
when fed with an acyclic Wheeler DFA’s nodes in
any topological order, can dynamically compute
the co-lexicographic rank of each new incoming
node among those already processed with just
logarithmic delay.

5. We improve the running time of (4) to linear in the
o✏ine setting for arbitrary WDFAs.

6. Given a Wheeler DFA A of size n, we show how to
compute, in O(n log n) time, the smallest Wheeler
DFA recognizing the same language as A. If A is
acyclic, running time drops to O(n).

7. Given any acyclic DFA A of size n, we show how
to compute, in O(n + m log m) time, the smallest
Wheeler DFA A0, of size m, recognizing the same
language as A.

We start in Section 2 with results 1 and 2: a
Myhill-Nerode theorem for Wheeler languages and a
linear conversion from WNFAs to WDFAs. Result 1
shows that Wheeler languages are precisely those ad-
mitting a “finite interplay” between the co-lexicographic
ordering and the Myhill-Nerode equivalence relation
(i.e. the relation characterizing general DFAs). Re-
sult 2 implies that the WNFA minimization problem
admits a polynomial-time 2-approximation. We remark
that the NFA minimization problem is notoriously hard
(even to approximate within o(n)-factor) in the general
case [13, 15, 21]. In Section 3 we describe results 3-5:
polynomial-time algorithms for recognizing and sorting
Wheeler 2-NFAs. These results generalize to labeled
graphs existing prefix-sorting algorithms on strings [25]
and labeled trees [8] that have been previously described
in the literature. Combined with contribution 2, our al-
gorithms can be used to index any Wheeler NFA at the
price of a moderate linear blow-up (i.e. by just a fac-
tor of 2) in the number of states. This result expands
the universe of known regular languages for which mem-
bership and pattern matching problems can be solved
e�ciently [2]. Contributions 6 and 7 (Section 4) com-
bine our sorting algorithms 3-5 with DFA minimization
techniques to solve the following problem: to compute,
given a finite language represented either explicitly by a
set of strings or implicitly by an acyclic DFA, the small-
est accepting WDFA. Note that this can be interpreted
as a technique to index arbitrary deterministic acyclic
graphs using the smallest prefix-sortable equivalent au-
tomaton.

1.2 Definitions We start by giving a definition of
finite-state automata that captures, to some extent, the
amount of nondeterminism of the automaton. A d-NFA
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graphs existing prefix-sorting algorithms on strings [25]
and labeled trees [8] that have been previously described
in the literature. Combined with contribution 2, our al-
gorithms can be used to index any Wheeler NFA at the
price of a moderate linear blow-up (i.e. by just a fac-
tor of 2) in the number of states. This result expands
the universe of known regular languages for which mem-
bership and pattern matching problems can be solved
e�ciently [2]. Contributions 6 and 7 (Section 4) com-
bine our sorting algorithms 3-5 with DFA minimization
techniques to solve the following problem: to compute,
given a finite language represented either explicitly by a
set of strings or implicitly by an acyclic DFA, the small-
est accepting WDFA. Note that this can be interpreted
as a technique to index arbitrary deterministic acyclic
graphs using the smallest prefix-sortable equivalent au-
tomaton.

1.2 Definitions We start by giving a definition of
finite-state automata that captures, to some extent, the
amount of nondeterminism of the automaton. A d-NFA
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cludes, in particular, acyclic NFAs). Even worse, not
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superset of the finite languages and a proper subset of
the regular languages [10]. Even when an index is not
used, exact pattern matching on graphs is hard: Equi
et al. [6] have recently shown that any solution to the
problem requires at least quadratic time (under the Or-
thogonal Vectors hypothesis), even on acyclic DFAs. In
particular, this implies that converting an acyclic DFA
into an equivalent Wheeler DFA cannot be done in less
than quadratic time in the worst case.

The remaining open questions, therefore, are: what
are the properties of Wheeler languages? Which class
of automata admits polynomial-time prefix-sorting pro-
cedures? Can we e�ciently build the smallest (that
is, with the minimum number of states) prefix-sortable
finite-state automaton that accepts a given regular lan-
guage? These questions are also of practical relevance:
as shown in [29], acyclic DFAs recognizing pan-genomes
(i.e. known variations in the reference genome of a pop-
ulation) can be turned into equivalent WDFAs of the
same expected asymptotic size. While the authors do
not find the minimum such automaton, their theoretical
analysis (as well as experimental evaluation) suggests
that the graph-indexing problem is tractable in some
real-case scenarios.

1.1 Our Contributions In this paper we provide
the following contributions:

1. We show that Wheeler languages are the natural
version of regular languages endowed with the co-
lexicographic ordering: when sorted, the prefixes
of strings belonging to a Wheeler language are
partitioned into a finite number of intervals, each
formed by elements from a single Myhill-Nerode
equivalence class. In regular languages, those
intervals are replaced with general sets.

2. We show that every Wheeler NFA (WNFA) with n
states admits an equivalent Wheeler DFA (WDFA)
with at most 2n � 1 � |⌃| states (⌃ being the
alphabet) that can be computed in O(n3) time.
This is in sharp contrast with general NFAs (where
the blow-up could be exponential).

3. Let d-NFA denote the class of NFAs with at most
d equally-labeled edges leaving any state. We
show that the problem of recognizing and sorting
Wheeler d-NFAs is in P for d  2. A recent result
from Gibney and Thankachan [12] shows that the
problem is NP-complete for d � 5. Our result
almost completes the picture, the remaining open
cases being d = 3 and d = 4.

4. We provide an online incremental algorithm that,
when fed with an acyclic Wheeler DFA’s nodes in
any topological order, can dynamically compute
the co-lexicographic rank of each new incoming
node among those already processed with just
logarithmic delay.

5. We improve the running time of (4) to linear in the
o✏ine setting for arbitrary WDFAs.

6. Given a Wheeler DFA A of size n, we show how to
compute, in O(n log n) time, the smallest Wheeler
DFA recognizing the same language as A. If A is
acyclic, running time drops to O(n).

7. Given any acyclic DFA A of size n, we show how
to compute, in O(n + m log m) time, the smallest
Wheeler DFA A0, of size m, recognizing the same
language as A.

We start in Section 2 with results 1 and 2: a
Myhill-Nerode theorem for Wheeler languages and a
linear conversion from WNFAs to WDFAs. Result 1
shows that Wheeler languages are precisely those ad-
mitting a “finite interplay” between the co-lexicographic
ordering and the Myhill-Nerode equivalence relation
(i.e. the relation characterizing general DFAs). Re-
sult 2 implies that the WNFA minimization problem
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Question

Decidability

Can we decide whether L is Wheeler?
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