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Infix evaluation

Context: efficient query evaluation

Let a= (a1, az,...,a,) be a sequence of natural numbers.
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Infix evaluation - Segment trees

We use a binary splitting rule and evaluate - on the subtrees
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Infix evaluation - Segment trees

We use a binary splitting rule and evaluate - on the subtrees
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Infix evaluation - Segment trees

e Build a (balanced) binary tree of logarithmic height
e Every node represents an interval

e Internal nodes contain precomputed values

The only requirement is associativity of -.

Preprocessing: O(n) Interval query: O(log, n)



Recall: regular languages are described by finite monoids.
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Infix evaluation - Monoids

Let w € £, (M, ) the corresponding monoid, ¢ : ¥* — M.

We can build segment trees for the products in M:
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Infix evaluation - Monoids

Let w € £, (M, ) the corresponding monoid, ¢ : ¥* — M.

We can build segment trees for the products in M:

a & boa bab p

1 4 0 40 4 0 o)
Does the infix belong to the language?

Preprocessing: O(n) Interval query: O(log, n)



Monoids - idempotents

Can we achieve a better result than a tree of logarithmic height?
We can exploit patterns of idempotent elements:

For every m € M there exists a power p such that mP = (mP)?




Factorization Forest theorem

A tree of w is Ramsey if every internal node has either

e exactly two children (a binary node)

e all children labelled by the same idempotent element of M.




Factorization Forest theorem

Ramsey tree

A tree of w is Ramsey if every internal node has either
e exactly two children (a binary node)

e all children labelled by the same idempotent element of M.

Factorization forest theorem

Let (M, ) be a finite monoid and ¢ : ¥* — M a morphism.
For all words w € X* there exists a Ramsey tree with height at
most 3|M| — 1.
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Infix evaluation

The tree has constant height wrt w, and assuming M is fixed:

Preprocessing: O(n) Interval query: O(1)x

* Can also be implemented logically in FO[<].



Infix evaluation

The tree has constant height wrt w, and assuming M is fixed:

Preprocessing: O(n) Interval query: O(1)x
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* Can also be implemented logically in FO[<].



Infix evaluation

w(x,y] € L is expressible in FO[<]*

* First-order logic cannot express counting properties, in general we would need
monadic second-order logic!
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Infix evaluation

w(x,y] € L is expressible in FO[<]*

Theorem

Over strings, any MSO formula can be expressed as an initial MSO
coloring followed by an FO formula on the annotated structure.

®(x,y) = V(x) o p(x, y)

We should be able to annotate the input word with the tree, how do we
do it efficiently?

* First-order logic cannot express counting properties, in general we would need
monadic second-order logic!
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(Z/32, +)
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(Z/32, +)

1 4 0 4 02 0121 2 00 2 O
If x and y are at the same height and no elements in between is higher,

then p(x...y) =e.

The height is an annotation on the input.
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(It hides a factorization tree on the inside)

(Z2/32, +)
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Splits

As for factorization forests, splits act as an accelerating structure

©(2,12) = (2,3) - (3,4) - (11,12)

(2/32,+)
/ Rob
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Trees

Theorem

Over finite strings, any MSO formula can be expressed as an
initial MSO coloring followed by an FO formula on the annotated
structure.

What about finite trees?
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Trees

Theorem

Over finite strings, any MSO formula can be expressed as an

initial MSO coloring followed by an FO formula on the annotated
structure.

What about finite trees?
Idea: perform a factorization for every branch.
Issue: common prefix £ common split (or coloring).

. we need a deterministic variant of FF...
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Forward splits

For all x < y,x’ < y’ at the same height and with no uphill

e(x,y) =X y)=e
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Forward splits

For all x < y,x’ < y’ at the same height and with no uphill

e(x,y) =X y)=e

\. J

For all x < y,x’ < y’ at the same height and with no uphill

o(x,y) = @(x,y) - o(x',y")

\.

(The two are not the same, eg, when ¢(x,y) = a° and ¢(x’,y’) = b°)



Forward splits

The standard construction is an induction on the structure of the monoid
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Forward splits

Non-determinism is removed with a left-to-right construction

1404021\0210020
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Forward splits

Theorem

There exists a forward Ramsey split of height at most |M| com-
putable by a DFA.

The rest follows from compositionality of MSO.

AN
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Forward splits

Theorem

There exists a forward Ramsey split of height at most |M| com-
putable by a DFA.

Theorem

Over finite trees, any MSO formula can be expressed as an initial
MSO coloring followed by an FO formula on the annotated struc-
ture.
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Min-cost automata

al1

Automata where each run has an associated cost
The cost of w is the minimum between its run ° o

bjo
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Min-cost automata

LY

Automata where each run has an associated cost
The cost of w is the minimum between its run ° o

Let A be a min-cost automaton.

Is there an upper bound k € N for all possible costs of .A?

Related to the star-height problem and generalized to a domination
problem
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Min-cost automata

Instead of the Min-Plus semiring, we consider the matrix semigroup with
products done as in distance matrix product
Problem: The semigroup is not finite — No FF theorem
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Min-cost automata

Instead of the Min-Plus semiring, we consider the matrix semigroup with

products done as in distance matrix product
Solution: Approximation with a finite abstract semigroup
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Min-cost automata
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Min-cost automata
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Min-cost automata

Fixpoint algorithm for the limitedness problem
Letcp:Z—)Mandg?J:Z—)/\;I

1. initialize S = {@(0) | 0 € X}
2. fixpointon S=SU{s-t|s,t€S}U{s”|s€S,s-s=5s}
3. verify if s[i,f] = oo forsomes e S.iel.feF
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Min-cost automata

Fixpoint algorithm for the limitedness problem
Letcp:Z—)Mandg?J:Z—)/\;I

1. initialize S = {@(0) | 0 € X}

2. fixpointon S=SU{s-t|s,t€S}U{s”|s€S,s-s=5s}

3. verify if s[i,f] = oo forsomes e S.iel.feF
Termination: M is finite

Correctness?
From s[i, f] = oo, we can recover the witness.
What if s[i, f] is always not co?
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Min-cost automata

By contradiction, let wy, ws, ... be a (strictly) increasing and infinite

sequence in M and consider the factorization forest over M
By the pidgeon-hole principle, we can find an infinite sequence that maps

to the same abstract element
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Min-cost automata

By contradiction, let wy, ws, ... be a (strictly) increasing and infinite
sequence in M and consider the factorization forest over M
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Min-cost automata

In the concrete semigroup, it is actually increasing

w w)
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Min-cost automata

The height of the tree is bounded but there is a sequence of infinite

distinct trees
We can find an infinite sequence where the increase is given by the

number of branches in an idempotent node
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Min-cost automata

The height of the tree is bounded but there is a sequence of infinite
distinct trees
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Min-cost automata

... but the fixpoint algorithm applies # to idempotents!
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